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We describe a background independent quantization of the scalar field that provides an explicit
realization of Fock-like states and associated operators in a polymer Hilbert space. The vacuum ex-
pectation values of the commutator and anti-commutator of the creation and annihilation operators
become energy dependent, and exhibit a surprising transition to fermionic behavior at high energy.
Furthermore the approach yields a modified dispersion relation with a leading correction propor-
tional to the momentum cubed. These results suggests a fundamental change in the ultraviolet
properties of quantum fields.
PACS numbers:
I. INTRODUCTION
Questions concerning the behavior of spacetime and
of quantum fields at short distances are intimately con-
nected [1]. In the presence of gravity, usual quantum
field theory (QFT) on a fixed background cannot be a
complete theory because the effect on spacetime curva-
ture of sufficiently high energy particles cannot be ig-
nored. This problem is already manifest if we consider
the gravitational effect of the QFT vacuum. This vac-
uum is the sum of ground state oscillator energies, one
for each point in momentum space, and so adds up to
quite a bit, namely, the cosmological constant problem.
In addition to this “static” problem, the QFT vacuum
is considered to be filled with virtual particle-antiparticle
pairs. The energy density of such a pair is its rest mass
2m divided by the Compton volume
ρrestpair =
2m
[~/(mc)]3
' m4.
If the virtual pair interacts gravitationally, applying New-
ton’s law gives an enhanced interaction energy density
ρintpair =
Gm2
~/(mc)
1
[~/(mc)]3
' m6.
These energy densities induce virtual curvature of space-
time via the Einstein equations. Thus, it is apparent
from simple arguments that high energy probes would
drastically affect spacetime and make the semiclassical
approximation inapplicable.
There have been numerous attempts to modifying the
high energy behavior of quantum fields to overcome the
problem sketched above. All of them have the feature
that an ultraviolet cut-off is introduced by some argu-
ment that leads to well behaved propagation of quantum
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fields at high energies. In addition, all attempts involve
the introduction of a fundamental length motivated by
quantum gravity, whether it is string theory, loop quan-
tum gravity (LQG) [2–5], non-commutative geometry [6]
or some other approach independent of these.
In this paper we revisit the question about the high
energy behavior of quantum fields. We explore not so
much a specific theory but a quantization procedure that,
unlike the Schro¨dinger quantization, comes with a spec-
ified mass scale. This is the so-called polymer or back-
ground independent quantization method that originated
in LQG. Its central feature for our purposes is that the
Hilbert space used for the quantization has an inner prod-
uct, which is independent of the background metric, hence
the name.
This property does not, however, imply that the ex-
pectation values of all operators are metric independent;
there could still be a dependence on the metric through
the operators themselves (such as the Hamiltonian), or
possibly through a special quantum state in which metric
dependence arises through coefficients in a linear combi-
nation. We consider here expectation values of operators
in a suitably defined vacuum state. We will see that they
turn out to be metric independent. Furthermore, the
mode frequency and the mass scale associated with the
quantization give rise to a dimensionless parameter. Ex-
pectation values can then be expressed in terms of this
parameter, thereby allowing us to probe their high energy
behavior.
A similar approach to the one we employ here has been
applied to black holes and cosmology [7–10], and it has
been used to derive an effective scalar field theory on
a Minkowski background [11] using semiclassical states.
The present work may be viewed as a parallel but inde-
pendent development.
The outline of this paper is as follows. In Sec. II we
give the quantization procedure, together with a defini-
tion of Fock states as well as creation and annihilation
operators. This construction is new and the way it fits in
the context of earlier work on the relation between Fock
and polymer quantization is discussed. In Sec. III we
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2give a computation of the expectation values of the com-
mutator and anti-commutator for our Fock-like states.
Unlike in usual QFT, these acquire a frequency depen-
dence. The main result of his section is that the expec-
tation values behave like the usual Fock states at low
energies but show a surprising fermionic nature at high
energies. Section IV contains a discussion of the results
and some open directions and speculations.
II. CLASSICAL THEORY AND POLYMER
VARIABLES
Although our primary interest is the free massless
scalar field theory on the Minkowski spacetime, let us
first consider the more general metric
gαβdx
αdxβ = −dt2 + qabdxadxb,
where qab denotes the spatial metric. The canonical
phase space variables are (φ, p) and the scalar matter
Hamiltonian is given by
H =
∫
V
√
q
2
(
p2
q
+ qab∂aφ∂bφ+m
2φ2
)
d3x,
where q = det(qab). The usual (Klein-Gordon) wave
equation for the scalar field follows from this via Hamil-
ton’s equations of motion.
Let us consider the phase space functions
Φf (t,x) =
1
V
∫
V
√
qf(x− x′)φ(t,x′) d3x′,
U(t,x) = eiλp(t,x)/
√
q
(1)
as the new set of variables that are to be realized as the
basic operators in the quantum theory. The function f
is scalar valued, λ is a real constant with the dimension
of length squared (in natural units), and V is the volume
of 3−space. The factors of √q are necessary to balance
density weights in the integral and in the exponent. The
variables in Eq. (1) satisfy the (equal time) canonical
Poisson bracket
{Φf (t,x), U(t,x′)} = i λ
V
f(x− x′)U(t,x′). (2)
These variables may be viewed as “dual” to those used
in the polymer quantization of a particle system [12] mo-
tivated by LQG, where the exponentiated configuration
variable is used as the new variable. The dual for quan-
tum mechanical systems has been discussed in [13]. We
note, however, that there are important differences with
the variables used for the polymer scalar field quantiza-
tion discussed in [14–17], which do not use the available
background metric in their definition. The functions we
employ are in a sense more conventional in that they are
just the field configuration and field translation variables.
As we will see, the essential difference to the standard
quantization lies in the realization of the field momen-
tum operator.
A localized field may be defined by taking, for example,
f to be a Gaussian, which is sharply peaked at a point
xj . This means that
f(xj − x′) = e−(xj−x′)2/σ2 , (3)
where σ2  1. We will assume this in the following.
Since our main interest in this paper is in QFT on
flat spacetime, we use the Euclidean metric eab and set
qab = eab from this point on. The generalization to ar-
bitrary metrics is straightforward and is of potential use
for cosmology and black hole physics.
III. QUANTIZATION
The representation of the functions defined in Eq. (1)
as operators on a suitable Hilbert space is related to that
used in polymer quantum mechanics [12, 13]. We there-
fore briefly review this quantization before generalizing it
to field theory. As already mentioned, a central feature
of this quantization is that it introduces a length scale in
addition to ~.
The Hilbert space is the space of almost periodic func-
tions, where a wave function is written as the linear com-
bination
ψ(p) =
N∑
j=1
cje
ipxj =
N∑
j=1
cj〈p|xj〉.
Here, the set of points {xj |j = 1, . . . , N} is a subset
(graph) of R3. The inner product is
〈xj |xl〉 = lim
T→∞
1
(2T )3
∫ T
−T
∫ T
−T
∫ T
−T
e−ip(xj−xl) d3p
= δxj ,xl ,
in which plane waves are normalizable (the right hand
side is the generalization of the Kronecker delta to con-
tinuous indices). The configuration and translation op-
erators xˆ = −i∇p and uˆ = êiλp act as
xˆeipxj = xje
ipxj , uˆeipxj = eip(xj−λ).
However, the usual momentum operator pˆ = −i∇x is
not defined. Only finite translations can be realized and
the infinitesimal translations do not exist in this Hilbert
space.
The polymer quantum mechanics introduced just now
has been applied to the harmonic oscillator [12], to the
potentials 1/|x| [18] and 1/|x|2 [19], as well as to the cos-
mology and black hole cases mentioned earlier. What is
missing, however, is a complete application to QFT that
goes beyond the effective approach in Ref. [11] and that
would allow for a computation of the vacuum expectation
values of field operators. This is the program we initiate
in this paper.
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FIG. 1: A pictorial depiction of the basis state |µ1, . . . , µ7〉.
A. Field theory
The generalization of the quantization from quantum
mechanics to field theory is straightforward. The Poisson
bracket of the basic scalar field variables in Eq. (2) is
realized as an operator relation on a Hilbert space with
basis states
|µ1, . . . , µN 〉, (4)
where the set of real numbers {µj |j = 1, . . . , N} repre-
sent scalar field values at the set of space points {xj |j =
1, . . . , N}. Figure 1 gives an illustration of a basis state
with N = 7. If two basis states are associated with the
same set of points {xj |j = 1, . . . , N}, the inner product
is given by
〈µ′1, . . . , µ′N |µ1, . . . , µN 〉 = δµ′1,µ1 · . . . · δµ′N ,µN (5)
and it is zero otherwise.
Equation (5) defines an inner product that is back-
ground (metric) independent in the same way as, for ex-
ample, that for Ising model spins. A difference is, how-
ever, that for the latter there is a finite dimensional spin
space at each lattice point rather than a real number
representing a field value at each point. In contrast, the
usual Fock space quantization uses the metric dependent
Klein-Gordon inner product. We note that, when com-
pared with LQG, the set of points on which a state is
based may be called a “graph” and that there is no scale
associated with the set unless one specifically chooses a
uniform lattice.
If we remember that we take f to be a Gaussian sharply
peaked at a point xj , see Eq. (3), and if we set
Φˆf (t,xj) ≡ Φˆj , Uˆ(t,xj) ≡ Uˆj ,
we have the following actions
Φˆj |µ1, · · · , µn〉 = µj |µ1, . . . , µn〉,
Ûj |µ1, . . . µn〉 = |µ1, . . . , µj − λ/V, . . . , µn〉.
Noting that f(xj − x′) ≈ 1 for (xj − x′)2  σ2 and
f(xj − x′) ≈ 0 otherwise, it is readily verified that the
commutator of these operators leads to a faithful real-
ization of the corresponding Poisson bracket in Eq. (2).
Indeed, using δj,l for δxj ,xl , we have
[Φˆj , Uˆl] = − λ
V
δj,lUˆl, [Φˆj , Uˆ
†
l ] =
λ
V
δj,lUˆ
†
l . (6)
We note that fixing the parameter λ is equivalent to se-
lecting a discreteness scale in field configuration space,
as may be seen from the action of Uˆ on basis states given
above.
In this representation the momentum operator does
not exist because of the “point” nature of the inner prod-
uct given in Eq. (5) (basis states with different excita-
tions at a point are orthogonal, as are any states with
arbitrary excitations at different points). There is, how-
ever, an alternative λ dependent definition of a “momen-
tum” operator given by
Pˆj =
1
2iλ
(
Uˆj − Uˆ†j
)
, (7)
which can be used to define the kinetic part of the Hamil-
tonian operator and any other operators that involve the
momentum. For example, the canonical commutator gets
modified from that in usual field theory to
[Φˆj , Pˆl] =
i
2V
δj,l
(
Uˆj + Uˆ
†
j
)
. (8)
This directly follows from Eqs. (6) and (7).
B. Fock operators
We would like to define analogs of the usual field the-
ory creation and annihilation operators on the polymer
Hilbert space introduced above. To do this, we follow as
closely as possible the standard constructions, pointing
out along the way where the important differences arise.
We begin with the Fourier decomposition of the classical
field variable and its conjugate momentum
φ(t,x) =
∑
k
[
akfk(t,x) + akfk(t,x)
]
,
p(t,x) = −i
∑
k
ωk
[
akfk(t,x)− akfk(t,x)
]
,
(9)
where
fk(t,x) =
e−iωkt+ikx√
2ωkV
are the usual flat space plane waves, k = 2piZ3/L with
L3 = V and ωk =
√
k2 +m2. Given the (Klein-Gordon)
inner product
〈χ, ψ〉 = i
∫
V
(
χ˙ψ − χψ˙
)
d3x
4for two scalar fields χ and ψ, the plane waves satisfy
〈fk, fk′〉 = 〈fk, fk′〉 = δk,k′ , 〈fk, fk′〉 = 0.
Here, δk,k′ denotes the standard Kronecker delta sym-
bol. The expansions in Eq. (9) give rise to the standard
expressions for the creation and annihilation operators
aˆk = i
∫
V
fk
(
pˆ− iωkφˆ
)
d3x,
aˆ†k = −i
∫
V
fk
(
pˆ+ iωkφˆ
)
d3x.
We now use this standard procedure to motivate a defini-
tion of the corresponding operators in polymerized QFT
using the momentum given in Eq. (7); it is important to
note at the outset that this may not be the only possible
way to proceed and we follow it here simply because it
will permit a simple test of the usual field theory limit.
We will also see that, although the aˆk are time inde-
pendent in usual field theory, the corresponding entities
in the polymer theory are not, except in the usual field
theory limit.
To begin, let us consider a subset of points {xj |j =
1, . . . , N}, which will represent the “graph” on which the
operators will be defined. (In general, this set can be cho-
sen to be countably infinite, such as a uniformly spaced
lattice but this is not necessary to give the basic prescrip-
tion.) We define now
Aˆk =
iV√
N
N∑
j=1
fkj
(
Pˆj − iωkΦˆj
)
,
Aˆ†k = −
iV√
N
N∑
j=1
fkj
(
Pˆj + iωkΦˆj
)
.
We note that these operators depend on λ (because of
Pˆ ) and on t, and that they are non-local that is to say
they are a sum of operators, one at each point of the
graph. The factor 1/
√
N is necessary to produce the
correct low frequency limit of vacuum expectation values,
as we will see below. Also, the explicit time dependence
is emphasiced by the non-trivial Heisenberg equations of
motion given later.
The polymer Hamiltonian operator may be defined in
the same way as in standard field theory by
Hˆ =
∑
k
ωk
(
Aˆ†kAˆk +
1
2
[Aˆk, Aˆ
†
k]
)
. (10)
We will work with this exact form of the Hamiltonian
rather than the normal ordered one because, as we will
see below, it allows us to compute explicitly a modifi-
cation to the energy-momentum dispersion relation. In
addition, it is useful to keep the full form in any case
because we are after all not working with the usual Fock
space quantization where the heuristic argument for nor-
mal ordering is perhaps more compelling.
Using the relations (6), it can be seen that the com-
mutator and anti-commutator are given by
[Aˆk, Aˆ
†
k] =
1
2N
N∑
j=1
(
Uˆj + Uˆ
†
j
)
,
{Aˆk, Aˆ†k} =
V 2
N
N∑
j,l=1
fkjfkl
[
2PˆjPˆl + 2ω
2
kΦˆjΦˆl
+ iωk
(
{Pˆj , Φˆl} − {Φˆj , Pˆl}
)]
,
where in the first expression we used the definition (7)
of the momentum operator. We note here a substantial
departure from the usual field theory commutators: the
right hand sides are not constant but effectively contain
an infinite series in powers of the momentum, if the op-
erators Uˆ and Uˆ† are viewed as arising from the classical
Poisson brackets, and an infinite series in powers of the
operators Φˆj . However, as we will see below, the correct
field theory limits can be recovered at low energies.
C. Vacuum state and expectation values
Let us now turn to a discussion of an analog of Fock
states in the polymer Hilbert space. Such states will
allow us to further probe the commutation rules derived
above. The basic idea we follow is that the “vacuum”
should be a product of oscillator vacuua, one for each
point xj of the sample set of points {xj |j = 1, . . . , N}.
Let us first focus on the case of one point, or equivalently
the quantum mechanics case, and consider the state
|Gk〉j = 1
pi1/4
∑
µ
e−ωkV µ
2/2|µ〉j . (11)
This is just the normalized ground state of an oscillator
of frequency ωk at the point xj . It is normalized to 1 if
we evaluate the sum in Eq. (11) by means of∑
µ
f(µ) =
√
ωkV
∫
R
f(µ) dµ
for an arbitrary integrable function f .
Using the state |Gk〉j , we define the “polymer Fock
vacuum” on the N point graph in the mode k by
|0k〉 =
N⊗
j=1
|Gk〉j .
The full vacuum is the tensor product
|0〉 =
⊗
k
|0k〉 (12)
We will now see that the states |0k〉 and |0〉 have the
properties expected of the standard quantum field the-
ory vacuum at sufficiently low frequencies by evaluating
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FIG. 2: The expectation value of the commutator, the anti-
commutator and the number operator in the state |0k〉 as a
function of ln(γk).
several vacuum expectation values. We first define the
dimensionless parameter
γk ≡ ωkλ2/V
to simplify the following expressions.
The expectation value of the number operator is
〈0k|A†kAk|0k〉 =
1
4
− e
−γk/4
2
+
1− e−γk
4γk
.
For the expectation values of the commutator and the
anti-commutator we need
〈0k|Uj |0k〉 = 〈0k|U†j |0k〉 = e−γk/4.
This gives
〈0k|[Ak, A†k]|0k〉 = e−γk/4,
〈0k|{Ak, A†k}|0k〉 =
1
2
+
1− e−γk
2γk
.
(13)
The expectation value of the Hamiltonian is then
〈0|Hˆ|0〉 = 1
4
∑
k
ωk
(
1 +
1− e−γk
γk
)
. (14)
Lastly, it is useful to see the expectation value of the
canonical field-momentum commutator (8), which is
〈0k|[Φˆj , Pˆl]|0k〉 = i
V
δj,l e
−γk/4.
This gives a scale dependent modification to the uncer-
tainty relation.
It is instructive to consider the low energy limits of
these expressions. For γk  1 all the usual field theory
vacuum expectation values are recovered. This justifies
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FIG. 3: The expectation value of the commutator, the anti-
commutator and the number operator in the state |1k〉 as a
function of ln(γk).
our definitions of the vacuum and the creation and an-
nihilation operators. The vacuum becomes an eigenstate
of the Hamiltonian in this limit.
We note that λ dependent corrections set in when
γk ∼ 1. Figure 2 shows the vacuum expectation value
of the commutator, the anti-commutator and the num-
ber operator as a function of γk over several orders of
magnitude. From this we see a surprising behavior at
sufficiently large frequencies: the commutator vanishes
and the anti-commutator tends to one half. This appar-
ent fermionic behavior is also clear from Eq. (13).
To see whether other states exhibit this behavior for
large γk, it is useful to consider multiparticle states,
which may be defined following the standard prescrip-
tion
|nk〉 = 1√〈nk|nk〉
(
Aˆ†k
)n
|0k〉.
We computed the same expectation values for up to three
particle states using a symbolic algebra procedure. The
results appear in Figs. 2-5. The main features evident
from each of these graphs are that (i) they indicate the
correct low energy limit, and (ii) at high energies the
expectation value of the commutator becomes negligible
compared to that of the anti-commutator. We note also
that the expectation value of the number operator rises
with γk especially for the two and three particle states.
D. Time evolution
The calculations presented so far have been performed
at a single time slice that is to say at a fixed time. Since
we have the Heisenberg picture in mind, it is important
to ask what features of our results are invariant under
a time evolution. This is can be checked by calculating
6ln(γk)
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FIG. 4: The expectation value of the commutator, the anti-
commutator and the number operator in the state |2k〉 as a
function of ln(γk).
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FIG. 5: The expectation value of the commutator, the anti-
commutator and the number operator in the state |3k〉 as a
function of ln(γk).
commutators with the Hamiltonian (10) such as
[Hˆ, [Aˆk, Aˆ
†
k]] = −i
ω2kλ
2
N
N∑
j=1
(
fkjPˆjAˆk + fkjAˆ
†
kPˆj
)
,
[Hˆ, Aˆ†kAˆk] = i
ω2kλ
2
2N
N∑
j=1
(
fkjPˆjAˆk + fkjAˆ
†
kPˆj
)
,
[Hˆ, {Aˆk, Aˆ†k}] = 0.
We thus see that at the operator level, only the anti-
commutator is a constant of the motion. It is also inter-
esting to check the expectation values of the Heisenberg
equation of motion. For example, for the vacuum state
|0k〉 we find
〈0k|[Hˆ, Aˆ†kAˆk]|0k〉 = 0,
〈0k|[Hˆ, [Aˆk, Aˆ†k]]|0k〉 = 0.
It therefore appears that the fermionic behavior at high
energies is time independent, at least for the vacuum
state.
E. Modified dispersion relation
There has been a recent surge in interest in explor-
ing classical Lorentz violating theories which give rise to
modified dispersion relations. This is partly due to the
view that a quantum theory of gravity must have this
feature at high energies, since such a theory must have
a built in scale. Observational bounds have been put on
Lorentz violating terms in the dispersion relations[20],
and there have been some derivations of such effects from
LQG [21, 22]. It has even been suggested that there
is a doubly special relativity [23, 24] in which modified
Lorentz transformations are characterized by not just the
speed of light but also by an additional scale.
The quantization we have developed is necessarily
Lorentz violating at high energies due to the scale λ, so
it is interesting to see if we can derive a correction to the
dispersion relation. Using the same quantization method
as employed here, this has been done in an effective ap-
proach using semiclassical states [11]. However, we now
show, there is an alternative derivation that does not use
semiclassical states and that gives a correction of a lower
order.
From the expectation value of the Hamiltonian in Eq.
(14) we can identify the λ modified mode energy
Ek =
1
2
ωk
(
1 +
1− e−γk
γk
)
. (15)
Expanding the exponential and remembering that ω2k =
k2 +m2 = |k|2 +m2, we find that for |k|  m
E2k = |k|2 −
λ2
2V
|k|3 +O (|k|4) . (16)
It is interesting that this gives a leading order correction
proportional to |k|3. If we take V to be a particle physics
mass scale M and λ to be the Planck scale, the dispersion
relation may be written
E2k = |k|2
[
1− 1
2
(
M
MP
)3(
k
MP
)
+ · · ·
]
, (17)
which shows a strong suppression.
IV. DISCUSSION
We have developed a background independent “Fock”
quantization for the scalar field theory by the relatively
7straightforward prescription of following standard meth-
ods. Our starting point was a set of classical variables
which are essentially the integrated field variable and
exponentiated momentum. Utilizing these as the basic
variables, we defined analogs of Fock operators and the
vacuum directly in the polymer Hilbert space, and com-
puted the expectation values of commutators and anti-
commutators. The results give the desired low energy
limit of usual quantum field theory, and predict a signif-
icant departure at high energy. We also showed that at
least for the vacuum state, the observed fermionic behav-
ior at high energies is time evolution invariant.
The expectation value of the number operator in the
state |0k〉 tends asymptotically to 1/4 as γk → ∞ and
that of the Hamiltonian goes to 0. Thus, unfortunately,
there is no change in the usual vacuum energy prob-
lem; we note, however, that we have not diagonalized the
Hamiltonian, which is what may be necessary to probe
this issue. Indeed, we have merely postulated and jus-
tified a choice of vacuum due to its correct low energy
limit. This state may not be the true ground state of
the Hamiltonian for γk  1, since we expect that such
a state should depend on the parameters in the Hamil-
tonian, which in this case is λ. An exact determination
of the energy spectrum, however, requires a numerical
approach due to the λ dependence of the Hamiltonian.
This is presently under investigation [25].
What is the physical interpretation of the apparent
fermionic behavior at large γk? Let us recall that the
parameter λ is not a discretization scale associated with
space (or time). It is the scale associated with field trans-
lations once we have fixed the field momentum operator
(7). Thus, the fermionic behavior is not a result of dis-
cretizing space (no such behaviour is observed for stan-
dard field theory on a lattice) and it would be puzzling if
this were the cause here. Furthermore, there is no indi-
cation that the methods we have developed are breaking
down at large γk.
It is interesting to note that an effective repulsion is
evident when a similar quantization method is applied
to the gravitational collapse of a scalar field with quan-
tum gravity corrections [26, 27]. In these works a feature
of polymer quantization is applied to gravitational vari-
ables, which effectively lead to a mass gap at the onset
of black hole formation. Although this is not directly an
effect of the vanishing of certain commutators at small
length scales, it is tempting to speculate that its ultimate
origin may be related.
In addition to seeking a better understanding of the
high energy behavior, our results open up several other
potentially fruitful directions for further investigation.
Among these are (i) the computation of the propaga-
tor, which would require a solution of the Heisenberg
equations of motion for the Fock operators or an explicit
construction of the exponentiated Hamiltonian, (ii) the
free and interacting field theory on a general background,
(iii) the quantization of a fermionic field theory, (iv) the
application to “weak field” loop quantum gravity in order
to study gravitons, and, finally, (v) applications to Hawk-
ing radiation and cosmology. The latter would be par-
ticularly interesting because the evolution of the universe
could itself provide a transition from fermionic to bosonic
behavior during expansion if this method of quantization
is the correct one.
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